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Reminder

• Porous medium

• Homogenization

• Representative elementary volume (REV)

• Porosity

• Darcy’s Law
– Hydraulic conductivity

– Piezometric head

• Average pore velocity X Darcy velocity



Plans

• Darcy’s Law in 3D – differential form

• Full system of flow equations (+balance)

• Characterisation of the hydraulic conductivity K

• Boundary conditions (for diff. eq.)

– Cases for groundwater flow configurations



Water flow velocity – reminder

v … Particle movement 
from point to point 

q … Amount of water 
(across unit area]

Water/pore
volume

Total volume

q … “Darcy velocity”
(flow rate density)

v … (average) pore velocity



Differential form

• Experimental column … infinitesimally small 
distance

• Spatial coordinates

• Generalized Darcy’s Law 



Hydraulic conductivity

• Controlled by

– Porous medium properties (microstructure geometry)

– Fluid properties (viscosity)

Kinematic viscosity
Dynamic viscosity
Permeability

Special unit 1 “Darcy”
K / k … factor about 107 for water



Pore geometry … anisotropy … K
Scalar for isotropic medium

Symmetric tensor 
for anisotropic
… 6 components

Common case is “orthotropic” Coordinate system in principal directions

Groundwater in sediments



Properties of rock/soil
k
(m2)

10-12

10-15

10-18



Full system of governing equation 
for porous media flow

Darcy’s Law

Balance equation
(mass conservation 
principle)

quantities

Fully saturated pores

Partially saturated pores

Balance: change inside the volume vs 
flux across the boundary

mass
Transform to volume integral

Sources/sinks

Volumetric source



compressibility

Arbitrary dV



Both fluid and solid matric are incompressible

Potential field

Elliptic partial differential 
equation (PDE)

Instant reaction to external condition change = “perfect inelastic”

Model approximation as a sequence of steady states



Compressible case
Changing fluid density

Changing porosity

Constitutive relations

Specific storativity

Matrix compressibility dominates for 
water (movement of grains)

Parabolic PDE



Boundary conditions

Generic 2nd order PDE

Primary 
unknown

derivative

Prescribed pressure or piezometric head

Water level

Borehole 
measurement

Extrapolation of borehole points



Zero flux for
- Isolated boundary
- symmetry

Prescribed flux



3rd kind b.c.

outsideinside

Boundary = semipermeable layer

given



Examples – natural groundwater systems

Hydrogeological 
aquifer / isolator

Infiltration/recharge, 
discharge/drainage Surface/underground

Groundwater table



Spring 
position?

Artesian
well

Boundary condition for unknown 
infiltration/drainage area

Nonlinear – depends on unknown 
quantities

variants:
Saturated … linear… variable domain
Unsaturated … nonlinear … fixed dom.
Dupuit approximation


