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Kapitola 1

Aritmetické vektory a matice

Piiklad 1.1. Rozhodnéte, zda lze vektor & vyjadrit jako linedrni kombinaci vektoru , ¢, w, v kladném
pripadé urcete prislusné koeficienty:

a) #=(-1,0,2,3), ©=(1,-1,0,2), 7= (1,2,0,3), & (1 —4,2,1),
b) = (4,4,—6,—18), @ = (1,1,0,1), 7= (0,-1,2,7), @ = (2,—1,0,1),
c) ¥=(8,3,2), = (411), 7= (1,1,-1), 4 = (2,0,3),
d) #=(1,-1), @=(-14,3), ¥ = (5,-1), w = (1,7),
e) #=(1,3,6), i=(1,1, 2) =(2,1,-1), @ = (1,2,1),
f) ¥=(1,1,1), 4= (1,1,-1), 7= (2,1,-2), @ = (1,2, 1),

Priklad 1.2. Zjistéte, zda jsou nize uvedené vektory linearné nezavislé:
a) (2,3,-5), (1,-1,1), (3,2,-2) v IR, [LN]
b) (2,0,3), (1,-1,1), (0,—-2,—1) v R?, [LZ]
c) (1,-1,1 2) (1,8,7,-7), (1,2,3,-1), (1,5,5, —4) v IR*, [LZ]
d) (2,1, 1), (-4,3,2,-1,1), (3,5,-2,1,-2), (2,2,-1,3,-1), (=1,2,3,1,3) v IR°, [LN]
e) (1,0, 1), (1,1,0) (0,1,1) v IR?, [LN]
f) (4,0,1), (1,3,4), (3,2,1) v IR, [LN]
g) (1,0,2,3), (~1,1,0,5), (2,3,7,1) v R, [LN]
h) (3,1,-2), (3,—1,-19), (—1,2,5) v IR?, [LN]
i) (1,2,3,0), (2,0,1,1), (1,1,1,1) v R, [LN]

Priklad 1.3. Urcete pro kterd a € IR jsou nasledujici vektory linearné nezavislé:
a) (a,—4,-1), (4,—6,-3), (1,1, —a) v R®,
b) (1,a,1), (2,2,a), (1,1,1) v IR,
Piiklad 1.4. Z vektoru nizé vyberte néjakou béazi jejich linedrniho obalu:
a) (5,7,—-1,3), (1,-3,8,2), (9,17, -10,4), (-2,6,—16,—4) € R*,
b) (1,0,2,-3), (3,2,1,-5), (-1,2,1,-2), (-3,0,2,0) € R*,
Priklad 1.5. Rozhodnéte, zda vektor & patii do linedrniho obalu mnoziny M:
a) ¥=(1,-1,2,1), M ={(1,0,2,2), (0,1,0,2)},
b) Z=(1,4,—-4,-1), M ={(0,1,-3,4), (2,2,2,2), (1,-1,3,7)},
Piiklad 1.6. Rozhodnéte, zda néasledujici vektory tvoif bazi prostoru IR3:
a) (1,0,1), (3,1,0), (5,2,1),
b) (1,2,3), (2,0,1), (5,2,5),
c) (1,4,-1), (0,2,3),



Priklad 1.7. Spoctéte dimenzi vektorového prostoru V', jestlize:

a) V={(1,1,20), (2,1,-1,1), (1,2,1,-1), (1,3,0,-2)),

b) V=(1,2,1,-1), (1,1,-1,2), (1,0,-3,5), (2,3,0,1)),

c) V={(1,1,-1,1), (2,1,1,-1), (1,0,2,-2), (3,2,1,—1)),

d) vV =((1,20,1), (2,3,-1,2), (0,-1,-1,0), (3,5,—1,3)),

e) V=(1234), (1,5,1,2), (1,1,2,3)),

f) V={(4,4,2,3), (4,3,1,0), (1,2,2,3), (2,3,4,4)),
Piiklad 1.8. Najdéte bazi IR*, kterd obsahuje vektor -

a) v=(1,2,3,4),

b) v=(1,1,1,0),

c) ¥7=(1,0,0,0),

Priklad 1.9. Pro ktera p € IR je vektor ¢ prvkem linearniho obalu mnoziny M7 Naleznéte néjakou bézi

prostoru (M) a urcete jeho dimenzi.
a) U= (7,—2,p) = {(2 3,5), (3,7,8), (1,-6,1)},
b) = (p,6,0), M ={(2,3,0), (1,1,1), (1,1,0)},
Priklad 1.10. Urcete velikosti vektoru u, ¥ a 1hel ¢, ktery tyto vektory sviraji, je-li:
a) 4= (2,-1,-2), v=(1,1,-4),
b) «=(1,0,8), v = (-2,0,—16),
c) u=(2,—-1,-2,4), v =(0,2,-1,0),
a) «=(1,0), ¥y=(0,1),
a) 4= (1,1,1), ¥=(1,0,0),
a) u=(1,2,3), v=(4,5,6),

Piiklad 1.11. Nechf jsou zaddny matice

1 2 3 1 4 4 -1 4 0
A= 2 4 6|, B=1[2 3 4|, C=|-2 0 4
-2 -1 0 3 5 1 0 7 8
Uréete matici X, jestlize:
a) X=2A-5B+CT,
b) X=4AT +4B - C,
Priklad 1.12. Spoctéte hodnost matice A, jestlize:
1 2 0 -1 1 2 3 4 5
2 2 1 =2 2 3 4 4 7
a) A= 9 1 1 -3 [hod(A) =3] b) A= 1113 4 [hod(A)
1 01 -1 3 5 7 8 12
1 2 3 21 0 -1
4 5 6 2 2 1 -1
c) A= 78 9 [hod(A) =2] d) A= 9 3 9 _1 [hod(A) =
1 1 1 2 4 3 -1
3 -1 0 1 =2 0 -1 -1 0
2 1 1 2 -3 1 0 35
e) A= 3 _9 _ 1 9 [hod(A) =3] f) A= 1 5 0 1 [hod(A)
2 -5 1 -2 2 1 1 10
2 10 31 4 6
g) A=(0 1 1 [hod(A) =] h) A= [hod(A)
9 _9 0 -1 2 -1 1 6
01 3 -4 1

= 3]

:4}

:4}



Priklad 1.13. Urcete hodnost matice A v zavislosti na parametru p € IR, jestlize:

1 2 0 1
1 p 01

a) A= 51 p 0 [hod(A) =4 pro p # 2, hod(A) =1 pro p = 2]
p 11 1
3 20

by A=10 1 p [hod(A) = pro p #, hod(A) = pro p =]
4 p O
1 p 1

¢c) A=12 2 p [hod(A) =1 pro p € {1,2}, hod(A) =3 pro p ¢ {1, 2}]
1 1 1



Kapitola 2

Soustavy linearnich rovnic

Piiklad 2.1. Rozhodnéte o fesitelnosti soustavy linedrnich rovnic a v kladném piipadé urcete mnozinu
vsech reseni této soustavy:

6x;y + 229 — x3 + Txy =0
4r1 + 2x9 — 3x3 + bxy =—-4 _ _ _ _
a) x1 + T _ T3 _ T4 -0 [Il = 2, To = 2, T3 = 1, Ty = 1}
x1 + x3 =3
31‘1 — 2582 + 621?3 + 2564 — 41’5 =5
T =+ —+ 21’3 — T4 —+ 2%5 = - _1 o
b) O _ 2 — 2u, 5 U 2t —1,¢
201 — O6x0 + 4dz3 + 24 — 4dxs =
2¢1 + 229 — 223 4+ x4y =1
T1 4+ 279 r3 — 2x4 =1 _ o o o
c) 3z1 + 4xs — a3 + 224 =5 [#1 = =3+ 3t, 20 =3 —2t, x3 = t, x4 = 1]
Iy + 3(E2 + 31’3 — 2%4 =4
T — x3 + 3x4 =0
T I 1) — T4 — x5 = o B
) 501 + x9 — 4dx3 + 34 — 95 = [S +3t, —s = 3t, s, —t, ﬂ
T — T2 — 21‘3 + Ty - 51‘5 =0
T + To + I3 + Ty =0
o + wx3 + x4 + x5 =0
e) r1 + 2z + 3z3 =0 [t, t, —t, —t, ]
To +

2v3 + 3x4 + 4x5 =0
T3 + 2x4 + 3x5 =0

T + To + 2583 + 3I4 + 3265 + 31’6 =1
f) 21 + 22 + 23 + 34 + xm + 1wz =-1 [-1—t+v—3u,t, —2—2v, u, v, 2]
+

201 + 2x9 263 + 6x4 + 225 + 8xg =10
1 + 229 + 3x3 + 14 =1
g2) A . B C T [soustava nem4 fesen{
I + 2%‘3 = -2
3£E1 + 71’2 + 10$3 + 6£E4 =7



Priklad 2.2. Rozhodnéte o fesitelnosti soustavy linedrnich rovnic a v kladném piipadé urcete mnozinu
vsech reseni homogenni soustavy rovnic s matici:

1 2 3 1 -1 1
a)| 1 11 [£1 =0, 22 =0, z3 = 0] by 2 0 3 [x1 = 3t, 22 = t, x3 = —21]
1 -3 2 0 -2 -1

Piiklad 2.3. Reste nehomogenni soustavu linedrnich rovnic s rozsifenou matici:

1 1 1 2

a)l 2 -1 1|-1 [t1 = =3+ 2t, 22 =t, 3 =5 — 3t]
1 -2 0|-3
1 2 1 1

b)| 2 1 —-1| 2 [1 =2, 20 = —1, z3 = 1]
1 2 —-1]-1

1 1 1 2

ol -1 1 2|-1 [soustava nemé TFesen]
-2 0 1 0
1 2 3|7

) 1 -3 2|5 [z1 =1, 290 =0, z3 = 2]
1 1 1|3
2 3 1)1

e) 1 4 -2|3 [1‘1:7172@"52:14*1571‘3:15]
1 3 —-1]|2
1 2 3 -1 0

f) 1 7? ? _;L _i [soustava nemé Tesent]
1 8 7 —7 6

Priklad 2.4. Klasifikujte feSeni nehomogenni soustavy linedrnich rovnic vzhledem k parametru a € IR
s danou rozsitenou matici:

a+1 1 1| 2
a) 1 a 0]-1 I
3 2 2| 3

1 1 1 2

Bl 1 -2 al 5 i
-a 3 —-1| -6
1 a -3 )

c)l a -3 1 10 [a = 2 nekoneéné mnoho FeSeni]
1 9 -10|a+3
1 1 —a|l

) 1 -2 3|2 [a = —6 nem4 Teseni, a = 1 nekone¢né mnoho Feseni]
1 a 1)1
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Kapitola 3

Inverzni matice a determinant

Piiklad 3.1. Najdéte inverzni matici A~! pomoci Gauss-Jordanovy eliminace k matici A:

1 0 1 (0 11

a) A=|[1 -1 1 At=-13 -3 0
2 1 -1 S\s -1 -1/
1 0 -1 0 -1 1\]

b) A=1{0 1 Al=1 1 2 -1
11 1 -1 -1 |
2 2 -1 1 -1 0\]

c) A=[1 2 -1 At=(-1 11
11 0 -1 0 2/ |
6 —4 —17 3 7 —5\]

d A=(-1 1 3 Ah=1(0 2 1
2 -1 -6 12 -2/
1 0 4 I (-8 8 4\]

e) A=1[1 -1 1 A*lzz -5 2 3
1 2 6 i 3 -2 -1/
1 2 3 ‘ [ 2 A4 -2\ ]

fy A=[|-1 0 1 A‘lzi -3 5 4
2 2 1 I 2 -2 -2/
12 -1 L 20 2\]

g) A=[2 0 1 A”:Z -1 2 -3
1 -2 1 -4 4 -4) |

Piiklad 3.2. Spocitejte inverzni matici A~! pomoci Gauss-Jordanovy eliminace k matici A s parametrem
a € IR:

1 1 —a
a) A=12 -1 3-a ATl =
1 a -1

Pi#iklad 3.3. Nechf je ddna matice

1 1 —a
A=12 -1 3-a
1 a -1
a) Spoctéte A2 b) Spoctéte (AT)2. c) Spoctéte AT - A. d) Spoctéte A - AT,



P#iklad 3.4. Necht

1 2 1
A=11 1 -1

)

2 2 -1 -1 -1 -1

Reste maticovou rovnici
a) A-X=DB,
b) X-A=B.
Piiklad 3.5. Necht
1 -1 0
A= 3 -4 -2], B=
—2 3 1
Reste maticovou rovnici
a) A-X=B,
b) X.-A=B"
Priklad 3.6. Necht
2 -3 -1
A=1]1 -1 0], B=
0 1 1
Reste maticovou rovnici
a) A-X=B+X,
b) X-A-B=X

P#iklad 3.7. Necht

(el \V]

11 2
A=|1 2 3|, B=
11 1

[\)

Reste maticovou rovnici
a) X-A=3B, X=1-3

Priklad 3.8. Necht

1

A:E

N = W
w Ut Ut

3
2|, B=
4

Reste maticovou rovnici

1 -1
-1 1
1 -1

(NS
O = O

a) 12AT . X -3X=4B, |X=

Piiklad 3.9. Necht

2 1 0 1
A=11 2 —-1|, B=1|(1
1 2 0 1
Reste maticovou rovnici
1
a) AX—-X=C, X=10

W =
[N

SN =
S = O

-1



P#iklad 3.10. Necht

1 1 1 -1 0 -1 1 1 0
A=1[2 2 2|, B= 1 1 0], C=10 1 1},
2 -1 0 1 0 1 1 0 1
Reste maticovou rovnici
a) A-X-C=B-X,
b) X-A=X-B+C.
Piiklad 3.11. Necht
0 -1 1 11 0 3 2 1
A=|1 o0 1|, B=(1 1 -1], C=(2 1 3
1 -1 1 1 2 -1 1 3 2
Reste maticovou rovnici
-1 -4 3
a) AXB=C, X = 2 2 =3
6 2 —4
Priklad 3.12. Necht
2 21
A=12 0 3
2 1 1
Reste maticovou rovnici
-2 -3
a) AX+ X+ A =0, kde O je nulova matice, X= 2 3
0 1
Priiklad 3.13. Necht
1 2 3
A=]1-1 0 1
2 21
Reste maticovou rovnici
-2
a) A-X-X+44A =0, kde O je nulovd matice, X=|-2
0

-7
-2

—6
2
—4

)
3
—6



Priklad 3.14. Spoctéte nalsledujici determinanty, jestlize:

1 2 -1 2 1 -1
a) -1 1 2 6] b) [2 1 -2 1]
1 -1 o0 11 2
10 —1 1 1 0 -1 1
01 0 1 1 1 1 0
o o1 0] d) 1 1 10 [4]
01 -1 1 0 -1 0 1
2 1 1 -1 2 1 -1 1
1 -1 0 0 1 0 2 2
© |9 o -1 1 9 1y o 1 1 [=55]
1 2 1 0 1 2 1 -2
33 -1 1 100 1
12 1 0 02 3 1
g) 12 1 -1 OF D)y g 1 [=17]
2 1 -2 2 23 1 0
1 2 1 -1 1 2 4 -1
ol2 1 -1 2 2 2 2
Dol 1 1 e 2D 7 31 o [~15]
1 2 1 2 2 1 2 1
1 2 -1 2 2 0 -3 3
2 -3 1 0 1 4 3 -1
k) 0 -2 0 0 [=20] D) 1 =4 8 0 [294]
1 2 1 —4 0 3 -1 2
2 3 0 4 2 2 —2 1
121 1 1 2 1 —2
m gy I A P R [0]
1 2 2 -1 13 3 —2

Piiklad 3.15. Urcete, pro jaké hodnoty parametru p € IR je matice A regularni (resp. singuldrni) ,
jestlize:

1 p 1 -1
2.0 1 p ) o
a) A= 11 1 -1 [det A = —p* — 3p+ 4, pro p € {—4; 1} je singuldrni]
1 1 2 1
p 1 1 -1
b) A= (1) ? 1 —Zl) [det A =, pro p € {} je singuldrni]
1 1 2 1
1 p 1 1
¢c) A=12 1 p det A =2p® —p, prop € {O; 2} je singulérm’]
2 10
p —1 3
d A= 1 -2 »p [det A = —p® + 19p — 34, pro p € {2;17} je singuldrni]
-5 1 -7

10



P#iklad 3.16. Necht

3 8 7 1 -2 0 0 0

-5 7 2 0 -5 1 0 0

A= -8 -1 0 0})” B= -8 4 10
1 0 0 0 1 10 =7 2

Spoctéte determinant matice
a) A-B-AT
b) A2-BT, ]
c) ATL-BTY ]

Priklad 3.17. Uzitim Cramerova pravidla vyfeste nehomogenni soustavu linedrnich rovnic s rozsitenou
matici:

2 11 1 1 2 1 1
a) 4 1 0]-2 [[—1;2;1]] by[ 2 1 -1 2 [12;—1;1]]
-2 2 1 7 1 2 -1|-1
1 11 2 2 3|7
of -1 1 2]-1 [nemd Feseni] )| 1 -3 2|5 [[1;0;2]]
-2 0 1 0 1 13
2 3 1)1 1 1 1] 4
ey 1 4 —-2]|3 [nekone¢né mnoho Feseni] i)l 2 2 5|11 [[1;2;1]]
1 3 —-1|2 4 6 8|24

Piiklad 3.18. Najdéte inverzni matici A~! pomoci adjungované matice A k matici A:

1 0 1 (0 11

a) A=[1 -1 1 A’1:§3—30
2 1 -1 3 -1 1)/ ]
1 0 -1 0 -1 1\]

b) A=|0 1 1 At= 1 2 -1
11 1 -1 -1 1/
2 2 -1 1 -1 0\]

c) A=[1 2 -1 At=[-1 11
11 0 -1 0 2/ |
6 —4 —17 3 7 —5\]

d A=|-1 1 3 Alt=1(0 2 1
2 -1 -6 1 2 -2/
1 0 4 ' 1—884'

e) A=[1 -1 1 A‘lzz -5 2 3
1 26 i 3 -2 -1/
1 23 i L2 4 -2\

fy A=(-1 0 1 A‘1:§ -3 5 4
2 21 i 2 -2 -2/
12 -1 L 20 2\]

g A=[2 0 1 A*lzi -1 2 -3
1 -2 1 —4 4 —4) |

11



Kapitola 4

Vlastni ¢isla a vlastni vektory

Priklad 4.1. Najdéte vlastni ¢isla a vlastni vektory matice A.

0 -3 -3 21 -3

?L) A=1|2 5 —3 /\121,’(71: -9 s /\222,172: 2 s
0 O 1 2 0
1 0 0 0 0

b) A=|-5 —4 -1 =|-1], X=00%=[-1],
4 4 1 1 4

1

OO =N

=

=2

I
~/
NS
v OO
|

oo
v

12

12 V2 v2\ ]
(2), )\22—1—\/57172:(\/5—1), )\32—14—\/5,173:(—1—\/5

1




Kapitola 5

Metrické prostory a posloupnosti
v metrickych prostorech

Priklad 5.1. Klasifikujte
(metrice):

a) A= {[r;y] € R?
b) B ={[z;y] € IR*
c) C={ry] € R?
d) D={lz;y] € R
e) E={[zy] e R
f) F={lxy cRr

nasledujici mnoziny a urcete jejich diametr vzhledem k euklidovské normé

2y —x<6,3x+2y>5x—y <8 [oteviend]
2y —x<6,3x+2y >5c—y <8} [uzaviend]
2y —x<6,3x4+2y>52x—y <8} [ani oteviend, ani uzaviens]
y>—x—Liy>r—1y<1} [ani oteviend, ani uzaviend, 4]
y>—c—lLy>z—1ly<l1} [oteviend, 4]
y>—xz—lLy>zx—1,y<1} [uzaviend, 4]

Priklad 5.2. Popiste mnozinu spliujici nasledujici podminky:

a) |zl =1, x € R?

b) o] =2 =€ R

[jednotkové kruznice

[kulové plocha o poloméru 2

c) |lz|* <9, x € R? [kruh o poloméru 3
d) |z| <3, ze R? [koule o poloméru 3
e) x| <1, x € R? [kosoctverec s tézistém v pocatku
f) |z|=1, zc R® [osmistén s tézistém v pocdtku

g) Hmeax = 17 xTr €

h) ||@)lmax <1, T €

IR? [¢tverec s tézistém v pocatku

]
]
]
]
|
]
]
]

R? [krychle s tézistém v pocatku

)
Priklad 5.3. Klasifikujte nasledujici mnoziny a urcete jejich vnitiek, hranici a uzaveér:

a) A= (-11)*\{[0;0]} [
b) B={zy e R*:2*+4* <1} |
o) C={lmyle R?: 2> +y* <2} ]
d) D=(-11)2U{[2]} [

13



Priklad 5.4. Rozhodnéte, zda jsou nasledujici posloupnosti v prostoru IR™ omezené:

1 2n—1
) an=(2— (") s 0
n+1 n—+1

b) a, = (cos(nm),5,(—1)"n,n* + 3n + 1) [

4n—1
1 2n+3 i
¢) an= (2’ RS (zn+1> ’Sm@”)) l

Piiklad 5.5. Vypoctéte:

- n24n+1 (n+2\""" /2 . " 1, =
1m — ar — P
¥ % N2+2n+3"'\n+1 e 3¢

14



Kapitola 6

Funkce vice proménnych

Piiklad 6.1. Urcete definién{ obory nésledujicich funkei a klasifikujte je (oteviend, uzaviend, omezend
mnozina):

a) f(z,y,2) =In(1 — 2% —y* — 2?) [vnitFek koule o poloméru 1]
z

vV +y?

o) flay)=vV1-22—y [jednotkovy kruh]

22 + 22 + 92
d —In (=22
) f(xvy) n<$2—2$+y2)

b) f(z,y,z) = arcsin [vné kuzele]

[¢ast roviny IR? yné dvou jednotkovych

kruznic se stiedy [£1;0]]

e) flmy)=+v1-a2+/1—y2 [¢tverec]
f) f(z,y) = +/sinzcosy {Ukez (2km, 7 + 2km) X Ulez<—g + 2lm, g + 2lm),
s 3T
Ukez(m + 2km, 2w + 2km) x UleZ<§ + 2, > + 2I7)
1 : 2 o e ot . .

g) f(z,y) = TR — [rovina IR bez kruznice se stiedem [0; 0] a polomérem 5]
h) f(z,y) =vV9—a%2—y2 [kruh se stfedem v poc¢atku a polomérem 3]
. 1

) flzy,2) = [

[ — 22 —y2 — 22

x2 2—x
i) f(xay):\/%m [

x
ly + 2|
) f(z,y) = In(zsing) Urez (0, +00) x 2k, 7+ 2kr),
Ukez(—00,0) x (7 + 2km, 21 + 2km)
m) f(z,y) = arcsin(x + y) [rovinny pds vymezeny dvéma rovnobéznymi
pifmkami y = —x + 1 véetné piimek y = —x £ 1]
n) f(z,y)=+v1-—19? [rovinny pds vymezeny dvéma rovnobéznymi

piimkami y = 1 véetné pifmek y = +1]

o) flz,y) =vi+a?+y? [rovina IR?]

15



p) floy)=vVa2+y2—1 [vné a vcetné jednotkové kruznice se stfedem [0; 0]]
1 . 5
a) flz,y) = PR [rovina IR bez bodu [—1;1]]
22 y2
r) f(z,y) 1- T 9 [uzévér vnittku elipsy]
2 02 1 62) (22 ~6
s)  f(z,y) \/( ¥yt 6o)a ty y) [uzéver vnittku dvou kruha

bez vnittku jejich praniku]

Piiklad 6.2. Urcete definiéni obory ndsledujicich funkei a klasifikujte je (oteviend, uzaviend, omezend
mnozina):

a) f(z,y) = arccos(a® +y* — 1) +/|z| + |y| - V2 [

o) fla, mmm(ﬂ)+M$m1—) I

b)  f(z,y) =In(yln(y — z))
Yy
R

[prunik vnitiku jednotkového kruhu a uzdvéru vnitiku paraboly]

e) flz,y) = sin(n(z? +y?))
f) fry=In(yh(y—x))

a) flx,y) =y

b) f(z,y,z) = arcsin

C) f(x,y)—\/m
A flz,y)=a®+y°
¢) fla,y)=e o v 2o—dy—d
B fla,y)=a22+y+2
1
8 J@y)=g—m e
h) fle,y) = V9—a?—y?
' 1
) flz,y,2) = 4—x2 —y2 — 22

D) fay) =2+ - 20
k) flz,y.2)=2+y+=z
) flz,y)=z+y
m) f(z,y) =2
n)  f(z,y) =2y

o) flz,y)=a"—y
2

D) flay) =2+

[
[

Piiklad 6.3. Naleznéte konstantni hladiny a vrstevnice (popf. popiste graf) nésledujicich funkef:

[soustFedné hyperboly a soufadnicovy kiiz)

[kuzelové plochy]

[kruznice]
[kruznice]
[kruznice]
[kulové plochy]
[kruznice]
[kruznice]

[kulové plochy]

[soustfedné kruznice a bod [1;0], (rota¢ni paraboloid)]
[roviny]

[primky]

[rovnobézné piimky, (rovina)]

[hyperboly]

[hyperboly]

[elipsy]
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Piiklad 6.4. Klasifikujte télesa (plochy, roviny, pifmky, body) v prostoru IR? dle pifslusnych rovnic:

2 P2
Sl -1

a) 4+36+z

b) 22 +y*+22=9

) 2?4+ 4y? + 922 =36
)y 22— 4yt +922 =9
) 2t dy? —922=-9

) 2?4 4y? = 3627
2

- o o o

g v+ =2
h) 2?4 4y? = 362
i) 22 +y* =2

i) 4a® —9y? =49z
k) 2 +4y* =16

) 22 +22=1
m) 2 —422=16
n) z2=-y

)

0) 2+y*+22=0

) z+2y+52—-16=0
qQ z*+y°=0

Piiklad 6.5. Urcete nasledujici limity:

. 1 1
a) lim xsin— + ysin —
(z,4)—(0,0) y

2%+ y3
1m ——
(x.y)—(0,0) £2 4 32
Vai+(y-1)2+1-1
a2+ (y — 1)

e) lim
(@,9)—(0,1)

1

lim ——— e 77
(z,y)—(0,0) 24 + y*

i lim (22 +42)" Y
) (r,y)%(0,0)( v)
1
k lim 1+ zy)=+v
) (w,y)—>(0,0)( 2
1
m lim 1 + zy) TeT+Tel
) (-"c,y)—>(070)< 2
o) lim %+ zy + o2
) (r,y)ﬁ(ll)( y+y)
1
q) lim @ ——
(@)= (11) [z =y
y—3

)

m _—
(zy)—23) T+y—>5
3 —y3

u 1m —_—
) (z,y)—(2,3) x4 + y*

[elipsoid

[kulové plocha

[elipsoid

[jednodilny hyperboloid
[dvojdilny hyperboloid

[kuzelova plocha

[rota¢ni kuzelové plocha

[elipticky paraboloid

]
]
]
]
]
]
]
]
[rotacni parabolid]
]
]
]
]
]
]
]
]

[hyperbolicky paraboloid
[elipticka vélcova plocha
[rota¢n{ vélcova plocha
[hyperbolickd vélcova plocha

[parabolickd vélcova plocha

[bod [0,0,0]
[rovina
[osa z
b  lim B
(z,y)—=(40) Y
1
d) im + 2y
(z.y)—>(1,2) 1 —zy
Pt
@y)=(00)  x*+y?
) vey+1-1
(z,y)—(0,0) z+y
) In(z + e¥)
lim —_—
(z,y)=(1,0) \/22 + y?
e+ 1

17

)

1)

)

v)

lim _
(2.9)—(0,0) |z + |y
lim sin(xy?2?)
(z,y,2)—(0,1,0) TYz
yr? + 23
im —_
(.,2)—(0,0,0) 2 4 y2 + 22
Tty
im
(z,y)—(0,0) T — Y
. z+3
lim @———
(z,y)—(2,1) 2r — Yy +7

1
y
()11 (2 + 12+ (y + 1)



Priklad 6.6. Ovéite na zdkladé definice limity:
a) lim 2% +3y* =19
(zy)—(4,1)
b)

lim =1
(z,y)—(0,0)

Piiklad 6.7. Rozhodnéte o spojitosti nédsledujicich funkeci:

a) f(z,y) =e"TV\/x2 +y2 + cos(z — y) [spojita v IR?]
b)  f(z,y) = 'y [mespojitd v [0; 0]]
7y - x4 +y2 P J )
2
c) flz,y)= o [nespojitd v [0; 0]]

2 4 y?
Piiklad 6.8. Rozhodnéte, zda funkce mohou byt spojité rozsifeny na IR?, resp. na IR>:

TYZ

a) B T2 [ano]
ry
b) [ano]
|z + |y
Yz — x
c) N [ne]
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Kapitola 7

Parcialni derivace a jejich uziti

Piiklad 7.1. Vypoctéte parcidlni derivace funkce f v obecném bodé a vycislete je v danych bodech:

2)

flzy) =2° +2y* — by + 32 — 1, a = [1;0], b= [2-3],
[of . o of
% =3z -5y + 3, By =4y 54
flz,y) =zsin’y, a=[1;7], b=[-2;7/4],
of .o of . .

_8x = sm” vy, ay —2xsmycosy}

f(z,y) = cos(2x —y), a=[0;7/3], b= [-m,7/2],
[0

—= = —2sin(2z — y), %5 = sin(2x — y)}

| O

f(z,y) = e"sin(2y), a = [0;0], b = [-1;7/4],
% = e sin(2y), Z—ch = 2¢” cos(2y)]

) =In(e + Va2 T g2), a=[10], b= 21,
/! of y

_% 2ty Oy (z+ /22 + 92\ /22 + o2

flx,y) = V22 +y, a=[1;,0], b=[2;-1], ¢ = [0; 3],
of _ @ of _ 1
_335 \/302—|—y7 0y 2\/12 +y

fla.y) = aretg T2 a = [1:-1], b=[0:-2], e=[1:1],

K R
10z 22492 Jy a2+ y?
flz,y)=2Y, a=1[1;-1], b=1[2;0],

a—f = yp¥ ! 87feyh”zlnﬂc:xylnx

| Oz yr= o Oy = }
flr,y)=vVe—y>+1, a=[41], b=[-1;-3],

lor 1 of —y

_833 _2\/:(,’—342—1—17 aiy B Vre—y2+1
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Priiklad 7.2. Vypoctéte parcidlni derivace funkce f v obecném bodé a vycislete je v danych bodech:

a) f(x,y,2) =22%yz +3xy* + 622 — 5, a = [1;-1;2], b= [0;2;1],
g = dxyz + 3y> + 62, a—f = 2222 + 6y, g = 222y + 6z
| Oz Oy 0z
b) f(z,y,z) =In(z+2y —3z+5), a=[1;0;—1], b=[0;0;0], ¢ = [1;-2;4],
of v of 2 @ 8 __ =3
|0 x+2y—32+5 0y x+2y—32+5 0z w+2y—32+5
c) flx,y,2z) =cos(3x —5y+62z—2), a=1[0;m;2], b=[-2m;2;1],
gi = —3sin(3z — 5y + 62 — 2), % = 5sin(3x — 5y + 62 — 2), % = —6sin(3z — by + 6z — 2)
d) flz,y,2)=Va?+y*+2% a=[L-12,b=[-1;0;1],
_af B T af y of z

_8:5_ /x2+y2+z2’%: /2t g2 + 22 02 J22ig2q a2
e) f(x,y,2) =2%sin(2y — 2), a = [1;0;0], b = [1;0;7],

O o 0f _ o of _

Er = 2z sin(2y — 2), By = 22° cos(2y — 2), 5, — ¢ cos(2y — z)

f) f(xvyaz) = (l‘— yz)zy, r>yz, a= [1;0]’ b= [2;_1]7

), % = (x —yz)™y (ln(fﬂ—yz)— - )7

ox

T — Yz

[af = (z —yz)™y (ln(x —yz)+

af _ 2 _ zy—1
of of of
— 020 —[2:1:1 — 10 0- — 2.5 -9 5 — 2.4
g) f(l',y,Z) Y-z, a [7 ) ]7b [07070]3 |:81L' yz, ay xTYz", 92 5xyz]
h) f(x,y,z) =cosh(zy —2), a =[-1;1;1], b 0; 1],

of . B of _ . - of
— = ysinh(zy — 2), 9y = zsinh(zy — 2), o

D = —sinh(zy — z)}

Piiklad 7.3. Urcete vektor grad f v obecném bodé a v danych bodech:

a) f(z,y) = 4xy® —6xy +5, a = [1;-1], b=[0;0], [grad f = (4y® — 6y; 8xy — 61)]
2z +3y—5 s s . B 9-5y  br+1
b) f(xvy)_ x_y+2 ) a_[270}7 b_[173}7 |:g a‘df_ ((x_y+2)2’ (x—y+2)2>}

er 4+ 2 -3
= In(e” + 2z — =[1:—1], b=[—1;2 — :
O flea) = 4203, a= o1 b=[12, e f = (s )

Piiklad 7.4. Urcete, ve kterych bodech je vektor grad f nulovy:

a) f(z,y) = 322 — 5zy + 4y* — 62 + 5y, [[1;0]]
b)  f(z,y) = In(x? + 2z + y* — 4oy + 4y + 6), Hg,g”
) flz,y)=+a2—dx+y>+6y+4, [grad f(z,y) # (0;0) ¥ [z;y] € Dy]
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Piiklad 7.5. Uréete hodnotu smérové derivace 0z f v bodé [1, 1] pro obecny vektor @ = (uq,us2), ||| = 1:

a‘) f(xa y) = 3\/ x3 + y3’ |:aﬁf = 3%/1”1 + \;ZIUQ]

b) fzy) =]y, {8f uﬁéuQ]

Piiklad 7.6. Urcete, zda funkce f(z,y) v bodé a ve sméru vektoru @ roste ¢i klesd a urcete rychlost
zmény, je-li

a) flz,y) =In(z*y+1), a=[1;2], @ = (1;-1), [roste rychlost{ \}5
b) f(z,y) =2? — 2% a=[3;4], @ = (1;1), {klesé rychlosti _\/50
c) flz,y) = %, a=[2;0], @=(2;-3), {kles&i rychlosti 16\273
d) f(z,y) = arctg g, a=[-11], u=(2;1), roste rychlost{ %

Piiklad 7.7. Pro funkei f(x,y) urcete smér §, ve kterém funkce v bodé a nejvice roste a urcete rychlost
rustu, je-li

a) f(z,y) =222 -3y +5, a=[1;2], {5’: é(él; —3), rychlost je 5-
b) f(z,y) = Y a = [1;—1], {5’ %(2; —1), rychlost je 62\/3:
c) flz,y) = %a a = [2;0], {52 %()2(9; 11), rychlost je:
d) f(z,y) =arcsin(2z + y), a = B, —ﬂ [5’: %(2; 1), rychlost je %

Piiklad 7.8. Urcete rovnici teéné roviny ke grafu funkce f = f(z,y) v bodé (a, f(a)), je-li:

a) f(z,y) = 323 — 22%y + 5xy® — 62 + 5y + 10, a = [1, —1], 122 — Ty — 2 — 10 = 0]
b) f(m,y)zg,a=[1,1}7 —y—z41=0]
) flz,y)=Va?+y? a=[4,-3] [z — 3y — 5z = 0]
d) flz,y)=2>—y* +5, a=[2,3], [z — 6y — z + 10 = 0]
e) f(l',y):2$2+y2,a:[1,1], [4$+2y—2—3_0]
f) f(x,y):arctgg,a=[171], 20 — 2y — 4z + 7 = 0;]
g) f(x,y):m4+2x2y—xy+x,a:[l,?], f(a):27 [5(E+y—2’—3:0]
i) flz,y) =vVa2+y?—ay, a=[3,4], [172 + 11y + 52 — 60 = 0]

Piiklad 7.9. Urcete rovnici tecné roviny ke grafu fukce f(z,y), kterd je rovnobeznd s rovinou p, je-li:

a) flz,y) = 22> —day +4y> +5, p:dr — 12y + 2 = 3, [z — 12y + 24+ 5 = 0]
b) flz,y) =22y +5, p:8x+2y—2=0, Br+2y—2—-3=0, 8¢+ 2y —z+ 13 =0]

Piiklad 7.10. Urcete rovnici tecné roviny ke grafu fukce f(x,y), kterd je kolmé na pifmku p, je-li:

a) flz,y)==ay, p: X =[-2;-2;1] +¢(2;1;,-1), [dr — 12y + 2+ 5 =0
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Priklad 7.11. Najdéte totalni diferencidly d fa(,y) a dfy(x,y) v piislusnych bodech a, b pro nasledujict
funkce:
a) f(z,y) =e "cosy, a=[lin], b=[0;7/2],
1
{dfa(x,y) = E(I -1)
b)  f(z,y) =n(z? + %), a = [2;0], b=[1;-3],
[dfa(l’,]J) =T — 2]
¢) flay)=arctg >, a=[0;2], b=[-1;4],
Y

dfale.9) = 5o Afyles) = 5+ )+ (-0
Q) f(e9) = arets (zy), @ = [1:0], b=[2 1],

[dfa(z,y) =y
e) flx,y) =2 a=]I1;-1], b=1[0;-2],

[dfa(z,y) = —(x — 1), dfp(z,y) neexistuje]
 flay) = ng a=[1;-1], b=[20],

[dfa(x,y) neexistuje, dfp(x,y) neexistuje]

g) flz,y)= N a=[1;-1], b=[20],
dfa(,y) Z—%xﬂ-%gﬁ—%

Piiklad 7.12. Rozhodnéte, zda jsou funkce diferencovatelné v daném bodé x:

Ty

a z,y) = —————=, f(0,0) =0, o =[0,0],

b) f(a:,y): 3\/ $3+y3, Lo = [070]5 []

C) f(xvy):ez:ry ) ',EO:[O7O] []
Piiklad 7.13. Pomoci diferencidlu urcete ptibliznou hodnotu (na 4 platné cifry):

a) (1.03)°97  [=]  b) In(1.02)In(1.01)  [=]  ¢*) V1.003-arctg(1.01)  [Z]
Priklad 7.14. Vypoctete prvni parciadlni derivace funkce:

a) F(Ivy):f(ua”)yU:$2+%U:$—yv
[OF of of oF of Of
P :2m7+77 - = _< _ <
| Ox Ou Ov’ Oy Ou Ov
b) F(x,y):f(u,v),u:x+2\/§,v:x—2\/§,
or _of of OF _of 1 _O0f 1
[0z Ou  Ov’ dy  Ou Sy Ov Sy

x

C) F($7y) :f(u7v)’ U=2xyY, v= 57

[OF of 9f1 OF of  of [~z
=5 oy 5y = o ()
d) F(z,y) = f(u,v), u= 2> —y* v=uxy,

[oF _of,  of OF _of of

— P, - = 2 _2 _J
|0z Ou Tt y au( y)+ v 4

e) F(l‘,y) :f(T), r= \/Wv

[oF  , & OF  , |y
o -t 5 -]
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Piiklad 7.15. Spoctéte 42, je-li:

a) z=a>+xy+y*® ax=sint, y=cost, [cos 2t]

b) z=e¢Whn(z+y) az=t3 y=1—1t3 [0]
Piiklad 7.16. Ovéite, ze funkce f(z,y) vyhovuje piislusné rovnici, je-li:
2, .2 9
a) f(z,y) =In(z® +y°), Yo " TH, =0,
b fy) =yPsinG? ), Oty o0
b b a ay )
Piiklad 7.17. Do nfZe uvedenych rovnic zaved'te nové proménné F(z,y) = f:

a) (x+y)a—F f(xfy)a—F =0, u=1In+v22+y?, v:arctgy

)
T

or oy
[
oF OF
o Y — 2 12
) ax ay 07 r €T +y )
[0=0]
c) yg—i +xaa—1; =0, r=a%—y>
[0=0]
oF oF o
) 9z —xafy 0, t=2"+y",
[0=0]
F F
e) 0 +y8— =0, 7=22+y2,
ox oy
[rf'(r) = 0]
OF OF Y
f — — =F,u= ==
) x ax Yy ay , U x, v 1.7
[
g) aﬁ—F — yg—F 0, x =rcosy, y =rsingp, (transformace do polarnich souradnic)
Yy x
of
5: =)
F F
h) ?)7 + %y =0, x =rcosp, y =rsiny, (transformace do poldrnich soufadnic)
Cof
=L —
" op }
OF\>  (9F\®
i) (8:5) + (6@/ =0, x =rcosp, y=rsinyp, (transformace do poldrnich soufadnic)
@)@
P p? \9p
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Kapitola 8

L dd

Derivace vyssich radu a jejich
vlastnosti

Piiklad 8.1. Urcete vSechny parcialni derivace druhého fddu funkce f v obecném bodé a vycislete je
v danych bodech:

a) f(z,y)=2"+3zy’ — 4z +2y+5, a=[1;0], b=[-1;2],
'a2f B 82f - 5 a2f B

@ T oxdy W a2 18%4

b) f(z,y) =In(x +2y), a =1[2;1], b= [0;—1],

[02 f -1 0% f -2 0% f —4 }

022~ (w+29)2 Oxdy (v +29)2 02 (3 +2y)
¢) f(z,y) =32% — 22%y + 5xy? — 62+ 3y — 10, a = [1; —1], b= [0,0],

[0 f 0% f 0% f
922 8z Y, 920y Oy — 4z, P Om]
d) flay) = g a=1[1;3], b=[-30],
(PF _, & _ 1 PF 2
1022 7 0x0y oy Oy B
e) flz,y)=In(a®+y%), a=[1;0], b=[-1;1],
[Pf 20y —a2?) 9*f  —dwy  Pf 20" —y?)
(922 (22 +y?)? Oxdy (a2 +y?)? Oy (22 +y?)?
f) f(x7y): \/x2+y7 a:[_2;3]a b:[l;—l},
Pf of 1 %®f__ @
02 @y 020y 4@ P Oy 2@+ y)?
g) f(v.y)=3cos(2x =3y +5), a = [2m —7], b= [T: =7,
_(92f an 82f
522 —12cos(2x — 3y + 5), 9xdy 18 cos(2x — 3y + 5), e —27cos(2x — 3y + 5)
h) f(z,y) = arctg (zy), a = [1;—-1], b =[2;0],
[0°f 2y’ O 1o’ Pf 2ty
1022 (1+22y2)2" 9z0y (1 +22y2)2" 9y2 (1 + 22y?)2
. . Tty . .
i) f(z,y) = arctg (1 xy) , a=1[0;0], b=1;-1],
[*f 2 *f o Pf 2y
1022 ot 4222+ 17 9z0y | Oy yt4+2y2+1
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Piiklad 8.2. Najdéte diferencidly druhého fadu d2fq(z,y) a d2fb(x, y) v piislusnych bodech a, b pro
nasledujici funkee:

2)

h)

i)

J)

fla,y) =2’y +In(z+ 2y +1), a=[0;0], b= [1;-1],
B 1 *f Ff 2
(x+2y+1)2" 020y  (z+2y+1)2" 9y2 ’ (x4 2y +1)2

2y

2y

Ea

| 0z

rrin

f(z,y) =In(e” 4+ €Y), a =[0;0], b=11;0],

927
fle,y) =" 7Y, a=[1;1], b=[1;0],

=(2+ 4z%)e” Y

—4 0% f 2

erty

0% f

—eZty

82f eery :|

(e +ev)2” 0xdy  (e* +ev¥)2’ Jy?  (e® + e¥)?

0% f
" 0x0y

2 82’ 2
—2xe , — =€ ]

f(x,y) =3zy+ 62 -5y +7, a=1[0;0], b=[2;3],

P, B o
022 7 Ox0y T O0y?

f(z,y) = e"siny, a =1[0;0], b= [0; g} 7

_62f €T e 62f z 62](' .
9z = e sy, Oy =€ Cosy, aT/Z’ = —e%siny

flay) =30 =2y +5+ -+ a=[11), b=[20)

ey P
) ayQ

—2sin(2z + y),

0% f _ 2r—2 o%f Ay

T @—y)? dxdy  (x-y)? 02 (z—y)?

(x+y)? 0zdy (v+y)* 0y (z+y)?

d®f(b;h) = 4h hy + 4h§}

f(z,y) =In(z +

_y3

o*f : 2 2
a7 = —sin(2z +y), d°f(a;h) =0, d*f(b;h) =0

a = [1;0], b= [2;1],
0% f -1

d%f(a;h) = —h2 + 2h1hy — h2,

1 1
d*f(a;h) = —5h3 + Sh3,

#r 2w

022 237 Ox0y  a2y?

f(x,y) = sin(2z +y), a = [0;0], b= [0;7],

(02 f : O*f

_@ = _4Sln(2x+y)7 W@y

f(z,y) = In(x —y),

o1 oy

0x?

d2f(bih) = —h% + 2hihs — h%}
_rT-y . M.

flo) = T2 a= (1) 0= 1:0]

Pf_ 4y

or2

224+ y?), a =[0;1], b= [0;0],

= 2z(cos® x —sin®y), d®f(a;h) = 2hZ, d?f(b;h) = —2h§}

[0*f  0°f  0*f _]

022 7 Oxdy W Oy?

f(z,y) = zsin®y, a = [1;0], b= [1;7/2],
82—f = 827f:2sinycosy ﬁ

| Oz " Oxdy T Oy?
fla,y) = ay® — 2%y, a=[1;1], b=[2;1],
[0%f >’f >’f

| 02 - 0zdy 2y — 22, Oy?

2L —9 d%f(a;h) = —2h% + 212, d2f(b;h) = —2h2 — dhyho + 2h§]
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Priklad 8.3. Ovéite, ze funkce f(z,y), resp. f(z,y, z) vyhovuje piislusné rovnici, je-li:

2 2
a)  flz,y) = In(z® +y?), % ZTIJ;:O’
b) o) = g, gj:{_ang:Q
) = 50 5+ 5 =0
R N ==t

Priklad 8.4. Do nize uvedenych rovnic zavedte nové proménné F(z,y) = f(u,v) (predpoklddejte
zdmeénnost smiSenych derivaci):
0*F 0’F Yy
_— _— = 0 = = —
a) T +y8x8y U=, U=
[v2 Of 5 O%f O}

| uw Ov Y vou
9*F  0°F  10F

b) — —y—n ——— = =x—2 = 2
) 922 yayz 2 Oy 0, u=12—=2Vy, v=o+2y

C g
4 -
| Ovou O]
0’F  9*F x —y
c) 02 + B2 =0, u= 2+ y2 v= 2 12
[0%f  0*f
w2 "o 0]
0*F 0*F x
2 2 _ _ _
d) =z 92 Y E =0, u=2zy, vfg
>*f of
4 —owl =
{ Wouow ~ “ou 0}
Piiklad 8.5. Napiste Tayloruv polynom stupné n v okoli bodu @g pro nédsleduji funkce:
a) f(x,y)=x3+y3, n:27 $0:[1,0] [TQ(J),y):1+3($—1)_3($_1)2}
b) f(z,y) ==y, n=2, zo = [1,1] [Ta(z,y) =1+ (-1 + -1+ @@-1)(y-1)]
1 1 i
Q) fley)=In(ay), n=2, @0 = [1,1] Talo) = 0= )4 = 1) - 50 = 12 - 50~ 1
T+ 1 2 1 2-
d) flz,y) =e""n=2, @ =[0,0] L(z,y) =1+z+y+ g +ay+ 5y
e) flx,y)=e"In(l4+y)n=4, x5 =10,0] i
1 1 .]
f) flz,y)=e"sinyn=3, xo=0,0] {Ts(%y) =y+ay+ 5oty — oy’

g) f(x,y)zxyn:B, :130:[1,1] H

h)  f(z,y) =

n=3, o =[2,1] i
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Kapitola 9

Implicitni funkce

Piiklad 9.1. Spocitejte derivace y'(z) funkei zadanych implicitné v obecném a daném bodé:

{ Y _ o2
x

2 — —
a) xey—ylnx—l—o,a—[l,?], m-

b) ze® —ylnaz—1=0, a=[?,0], I

/72 1+ 02 1

c) lnxiw:arctgg, a=[2,0], {x—&—y
2 T T —y]

) oo e =0 e 2

e¥sinz — e® cosy |
e) e“cosy+e’cosz=1, a=][70], [ Y

eYcosx —esiny |

e® + ze® — y ]
f) ze® =y’ +ay, a=[71], L —
) ze® =y +ay, a=[7,1] {Zy—i—x_
Y ’ —1]
B ¢ tay-e=0a=[01] 0=
ey
[o2 142  x2+y?
h) /a2 + y? — arctg (g>:O,a:[O,1]7 y+y —, ' (0)=~-1
’ Ve T

: 3, .3 3y —3z* .
i) z°+y’—3zy=0, a=10,0], ﬁ,y(O) neexistuje
Yys — ox ]
2y — 2z |

. 3 2 /
-2 =0,a=]11 P — 1)=0
D v -2my4at=0a=[11] ) =]
" ] — ]
k) zy=y", a=][1,1], {yny‘?,y'(l) neexistuje

T — xyr

) 2y—Iny=0,a=][01], lmglvy’(0)=1
y ]
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9z 9z

Priklad 9.2. Vypoctéte parcialni derivace 37, oy v obecném bodé pro implicitné zadané funkce:

. . . 0z ycosxy+ zcosxz Oz
a) sinzy+sinyz +sinzz =1, — = , — =
Or xcosxz—+ycosyz Oy

T CoSTY + 2 CoS Yz |

T COSTZ + Y Cosyz |

% =, 87y =
{az Yy 0z x

b) 2z =zysinzz, {82 0z

0x  ez+1 9y ez+1)

c*) z4ef=zy+1,

g) 2y+yir—ay—1=0,T=]11], t:y=—2+2,n:y==1

0z 1422 0z 14 22]

d) arctgx + arctgy + arctgz = 5, [81‘__1—}—3327%__1—%;(;2_

"9 9. 1

e) 2 +yt+22—2zz=1, _yi:,a—zz_
[0z Oz

f) 22 +3zyz—1=0 — ===

) 24 Bayz—1=0, ERr-s
[0z Oz

2, .2 4

— —1:07 — =, =

g) x* 42" —xz+ay 5 "oy
Piiklad 9.3. Napiste rovnici teény a normaly k zadané kiivce v zadaném bodé:

a) e +siny+y?=1,T=1]20] [t:y=0,n:a=2]
b) af +yh =5, T=181], [t:x+2y=10,n]
¢) 2z —a%—e¥—-2y=0, T =][1,0], [t:y=0,n: x—l}
d) 2®+y* —22y=0, T =[1,1], t:y—1=—(x—1),n]
e) 2’y+yPr+aiy—-3=0,T=1[11], [t:6x+5y—11=0,n:5c—6y—1=0]
f) arcsinz +ay® =0, T = [0,3], t:z=0,n:y=2]
]

3
b*) In(zx4+y)+2c+y=0, T =[-1,2], t:y—2:—§(3:—|—1),n:5x—6y—1=0
1) IQ(‘T+y):x7y7 T: [070]7 [t:,n:}
) oy —ay—y=0,T=[3-2], [t n
k) ot +yt—2% =9 T=][1,2], [t:, n]

Piiklad 9.4. Rozhodnéte, zda kiivka implicitné popsand rovnici F'(z,y) = 0 lez{ v okoli daného bodu a
pod tecnou nebo nad te¢nou, je-li

a) F(r,y)=22—2?—¢e¥—-2y=0, a=1,0],
b) F(x,y) =2 +y* — 22y, a=[1,1],
¢) Flz,y) =2+ 2xy+y° —4e+2y -3, a=[0,1],

Piiklad 9.5. Zjistéte, zda v okoli daného bodu zy = a; je funkce f(x) (implicitné popsand rovnici

F(z,y) = 0) rostouci, klesajici, konvexni ¢ konkdvni, je-li

a*) F(r,y)=2*—y—¢e¥=0, a=1[1,0],
b*) F(z,y) =2 +9y* 222 —2y +1, a=[1,1],
) F(z,y)=a2+2zy+y* —4e+2y -3, a=[0,1],

28

[pod tec¢nou]
[pod tec¢nou]

[nad teénou]

[rostouci, konvexn]
[rostouci, konkdvni]
[

rostouci, konkdvni]



Priiklad 9.6. Naleznéte teénou rovinu k dané plose v daném bodé:

a) 2 +y?+22=14, T =[1,-2,3], [z — 2y + 32 = 14]
b) xy+yz+zx=-1,T=][7,2-1], [+ 32z+2=0]
c) x+y+z:ef(‘”+y+z)+1,T:[l,?,fl], [x+y+2z=1]
d) 2*+y*+22 —3eyz—ax—y—2=0, T=[1,0,1], [x—2y+2z—-2=0]
) B4y +2 +ayz—6=0T=[1,2-1], [z 4+ 11y + 5z = 18]
f) 22 +2y° +322-21=0, T =[1,2,2], [z + 4y + 62 — 21 = (]
g) wyt—r—y—2=0 T=][1,-1,-1], [+ 11y + 52 — 18 = 0]
h) 22+ +22-25=0, T =[3,0,4], [3x + 42z — 25 = (]

]

i) In(z+y+z2z-2)-e"V=20—y—2 T=][11,1],

Il
=

29



Kapitola 10

Extrémy funkci vice proménnych

Priklad 10.1. Vysetiete lokdlni extrémy funkei:

a) f(z,y) =x(3—2%) -y

) flay) =22y (6 —x —y),
)
) [,
e) flz,y)=1a"+y° - 3uy

Qo o

) flzy)=vVI-2)1-y(z+y—1)

(z,y) = 2* —y® — 22y — 4z

i) flz,y) =e*(82% 4 3y — 6xy)
i) flz,y) = 2® — 62y — 6 + 6y + 3y°
k) flzy)=y/I+z+ay/1+y

D flzy) =e""V(2® —2¢%)

=
*
~—
~

m) fley) =2+ 2 gy

n) f(z,y) =6ay —a’ —y*+2

o) flz,y)=3—-va*+y’

p) flzy) y+§—2ln2x

Q) flz,y) =2 +y* — 20 — 4y + 12
r) f(x, z° 4+ 220y —4dx — 2y + 8

t*)  flx,y) = 6zy — 2® — 8y> 4+ 125

) flay) =2 -2y — 4z +8y—6
v) flz,y) =3z +ay® -y

W) flry) =2 +yP -y -z —y+3
x*)  f(z,y) = 2% +y* + vy — 62—y

u

y) flz,y) =6zy+x— 3y —22% —5y> +7 {lokéhn’ maximum v {2, ”

z) flz,y) =2 -y +2x+6y+5

[lokélni maximum v [1,0]]
[lokdlni maximum v [3, 2]
[lokdln{ maximum v [—3, —3]
[nemd extrém

[lokdln{ minimum v [1,1]

0]

[lokélni maximum v [1,

[nemd extrém
[lokdln{ minimum v [0, 0]
[lokdln{ minimum v [2, 1]
[nemd extrém

]
]
]
]
]
[]
]
]
]
]
]

[lokdln{ maximum v [—4, —2]
[lok&lni minimum v [1, —1]]
[lokdln{ maximum v [6, 18]]

[lokdlni maximum v [0, 0]]

[lokdln{ maximum v [1, —1]]

[lokdln{ minimum v [1, 2]]

[nemd extrém)

[lokdln{ minimum v [—1, 2]]
1

{lokélni maximum v [1, 2”

[nemd extrém |
[nem4 extrém ]
[lok&lni minimum v [1,1]]
[lokdln{ minimum v [1, 4]]

3
2

[nemd extrém |
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Piiklad 10.2. Vysetiete lokdlni extrémy funkei:

a)
b)
c)
d)
)
)

= O

il o
= =

=0
~

<+ wn
— — —

=

)
v)
w)

x)
Piiklad

oo e

f(z,y) =3z +6y — 2* — 2y + 1,
flzy) = e (z+y°),
1 1
[z, y) ==+~ —zy,
Ty
fz,y) =223y — 2%y* + 322 +5

Y
fz,y) =223 + 229° — 242+ 5
flz,y) = 32> —22/y +y — 8z + 12

f(z,y) = 2® + 8y — 6ay + 5,

f(z,y) = 2® + 2y + y* — 62 — 9y
flz,y) =22y — 22 — 4y

flx,y) =2y —a®>—y+6z+3
flz,y) =2® +y® — 18zy + 15
f(z,y) = 2® — 2y +y* + 9z — 6y + 20
flay) =2~ (y—1)°

fla,y) =2’y (12 -z —y)

f(z,y) = 322y — 62y + 32
fx,y) = 2* + y* — 222 + 4oy — 242
fla,y) =a?y(4 -z +y)
f(a,y) = 6xy —a® —y°
f($7y)_$2+xy+y —4lnz—10Iny
fla,y) =a' +y' —a? = 2ay —y?

T,y :fonyryQ—Qery

50 20

fla,y) =2+ (y—1)?
10.3. VysSetfete lokalni extrémy funket:

2
z
f(xayvz):$3+y2+?731’272y+227

2 2
oLy 2
f(w,yvz)—x+4x+y+z,
flxy,2) =2® + 9% + 2% = 3(wy + 22 + y2),

fx,y,2) = 22° + y* + 22 —ay — 2z,
(z,y,2) =22 +y* + 22 + 22 + 4y — 62,
flz,y, 2) = 23 + 9% + 2% + 122y + 22,

~
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[nem4 extrém ]

[lok&lni minimum v [—2, 0]]

[lokdln{ maximum v [—1, —1]]

[nem4 extrém]
[lok. min. v [2,0], lok. max. v [—2,0]]

[lokdlni minimum v [2, 4]]

lok4lni minimum v [1, ;”

[lok&lni minimum v [1,

[nemd extrém

[lokdln{ maximum v [4, 4

[lok&lni minimum v [6,6

[lokdln{ minimum v [—4,

[lok. min. v [1, 1], lok. max. v [1,

[nemd extrém

-1

4]

]
]
I
I
1]
]
]
]

lok. min. v [-v/2,v/2], lok. min. v [v2, —v/2]

[lok&lni maximum v [2,2

[lokalni minimum v [1,0

[
I
[
|
I

[lokdln{ minimum v [5, 2]]

[lokdln{ minimum v [0, 1]]

[

[
[

[nemd extrém

[lokdlni minimum v [-1,-2,3

[lokdlni minimum v [24, —144, —1

|
]

]
]

]
]
]
]

[



Piiklad 10.4. Naleznéte vazané extrémy funkce f vzhledem k mnoziné M, je-li:

a) f(z,y)=V3z—y+2 M= {z,y] € R?:2?+2z+y*=0},

v3-2 —1 lokalni minimum v —\/§+2 1
2 720’ 2 2

|}0kéln1’ maximum v l

|

b)  f(z,y) =2? —y?, M = {[z,y] € R*: y—i—ef‘”‘c2 —1=0},
[lokalni minimum v [0, 0]]
o) flay)=e" M={lz,y] € R :x+y=1},
11
lokdln{ maxi s
{o Aln{ maximum v {2, 2”
11 ,
) Sy =2+ M={lpyl e B :x+y=2270y7#0}
[lokdln{ minimum v [1, 1]]
e) f(z,y) =y, M ={[z,y] € R?: 2* +y* =2},
[lokdlni maximum v [—1, —1],[1, 1] lokélni minimum v [—1, 1], [1, —1]]
P fly) =ay, M={[z,y] € R*:x +y =1},
(11

[ 1
lokalni maximum v |=, =
L 1272

g) f(xay):$+2y71,M:{[may]GRQ1’2+y2:1}a
okl ; V5 25 . V5 25
lokalni maximum v | —, — |, lokdln{ minimum v |——, ———
h*) f(x’y):6_4x_3yaM:{[x?y]€B2Z$2+y2:1}7
_ o \
_IOkéhﬁ maximum v __ 5 —ﬂ , lokdlni minimum v [5, 2”

i) fa,y)=2y—z+y—1, M={z,y) e R*:z+y=1},

[ 1
lokalni maximum v |——, 3”
| | 272
D) flay) =2 +2y°, M ={[z,y] € R*:2* — 22+ 2y° + 4y = 0},
[lokalni maximum v [2,—2], lokdln{ minimum v [0, 0]]
1 1
k) f(r,y)=z+y, M ={[r,y]€R*: ﬁ_'_? —-1=0},

lokalni maximum v [—\[2, —\/ﬂ , lokdln{ minimum v {\/5, \[2”
D floy)=2"+y* M={[z.y] € R*:x+y=1},

[lokdlni maximum v , lokdln{ minimum v ]
m)  fz.y) =zy, M ={[z,y] € R*: 2” +y* =2},
[lokdln{ maximum v , lokdln{ minimum v ]
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Piiklad 10.5. Najdéte absolutni extrémy funkce f na predepsané mnoziné M, je-li:

a) flzy)=va?+y? M ={z,y] € R*:2” +y* <9},
[absolutnl' maximum na mnoziné z* 4 y* = 9, absolutni minimum v [0, O]]
b) floy)=2-2y-3, M={lz,y) € R*:0<2,y<1,0<z+y<1},
[absolutni maximum v [1, 0], absolutn{ minimum v [0, 1]]
o) fley)=a®=3y —z+18y—4, M ={[z,y) € R*: 0 <z <y <4},
[absolutni maximum v [4, 4], absolutni minimum v [0, 0]]
A foy)= @@=y -5, M={lr,y] € R :y* <o <2},
[absolutni maximum v [2,0], absolutn{ minimum na hranici M]

e) flr,y)=a®+2zy—3y" +y, M={lz,y) e R*: 0<z,y<1,0<z+y <1},
71
absolutni maximum v [8’ 8} , absolutn{ minimum v [0, 1]

f) floy) =a®—ay+y?, M ={[z,y] € R*: |a| +|y| <1},
[absolutni maximum v [£1, 0], [0, £1], absolutn{ minimum v [0, 0]]
g%) fley)=2" —y*, M ={[z,y] € R*: 2" +y* <4},
[absolutni maximum v [£2, 0], absolutni minimum v [0, £2]]
) flz,y) = a® +2zy + 4o + 8y, M = (0,1) x (0,2),

[absolutni maximum v [1,2], absolutni minimum v [0, 0]]

i) f(z,y) =sinz +siny + sin(x +y), M = <0, %> x (0, g%

absolutni maximum v [g, %} , absolutni minimum v [0, O]]

i) fwy) =3zy, M ={lo,y] € R : 2® +y* < 2},
[absolutni maximum v , absolutn{ minimum v ]

k) flz,y) =2 =y’ M ={[z,y] € R*:2” +4° <1},
[absolutni maximum v , absolutn{ minimum v ]

) flz,y) =2 +22y — 4o +8y, M ={[r,y] c R*:0<2<1,0<y<2},
[absolutni maximum v , absolutni minimum v ]

m)  f(z,y) =2 +y* — 120 + 16y, M = {[z,y] € IR* : 2* +y* < 25},
[absolutni maximum v , absolutn{ minimum v ]

n) f(z,y) =22" + 42 +y* — 22y, M = {[z,y] € R*: 2” <y < 4},
[absolutni maximum v , absolutn{ minimum v ]

0) fla,y)=a’y(d—z—y), M={z,y] e R?:x>0,y>0,x+y <6},
[absolutni maximum v , absolutni minimum v ]

p) flz,y)=2—-2y—3 M={z,y]c R*:0<2<1,0<y<1,0<z+y<1}
[absolutni maximum v , absolutn{ minimum v ]

Q) fley) =a® —ay+y* M= {[z,y] € R*: [z|+|y| <1},

[absolutni maximum v , absolutn{ minimum v ]
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Kapitola 11

Obycejné diferencialni rovnice

Piiklad 11.1. Naleznéte obecné feSen{ diferencidlni rovnice (pomoci separace proménnych) a Feseni
Cauchyho lohy:

a) ¥ =y, y(0)=-1, [y=Ce", CeR; C=—1]
b) y’zg, y(0) =1, [|y|:\/x2+C,C€ZR;C:1
o) ay — L= =0, y1)=1 _ 9T cem o9
y 1’+1_7y - y_w_’_lv ) _-
. 1]
d) m2y/+y:1)y(1):05 |:y:1—C€T,C€R,C:€
e*) 2y—a2%y =0, y(1) = -1, [yzCe_m%,CER;C:—e_
! P 1_
f) o =2y, y(1) =1, [yCeI,CEJR;Ce
g) y’:%,y(l)zl, ly=Cz, C e R; C=]
h) 4 = ycotgz, y(r/2) =0, ly=Csinz, C € R; C =]
i) ¥ =2y, y(0) = -1, [y=(x+0C)* CeR; C=]
) Y tay=a y1)=1, [yzl—ce—wZ/Q,CGJR;C:'
-9 ) 1
k) y/:ny ; y(0) =1, [y_JZ(x2)2+C,C€B;C—
) ¢ = vl (0)=-1 4ot t CER-C—-
y_l’(Ifl),y - ) y_ T 9 3 -
20 — 1 1\2 1\?2 |
U 1) = —1 _ ) _ 2y = .0

m) y 1Jr2y,y() : [(a: 2) <y+2> C,CeR;C

1— 2
o) yy +ay’=ua, y(1) =0, y=, CeR; C=]
/ y2 x

* _ g _ — . - _

b = =172, - Cem =]
1 2

Y i L 113/332)‘” y(0) = 1, [arccotgy =InV1+224+C, CeR; C= ﬂ
/ 5 3 3($+C) ° 3
1)y =% y0) = -1, y = : Cel; C=—¢
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Piiklad 11.2. Naleznéte obecné feSeni diferencidlni rovnice (pomoci separace proménnych) a Feseni
Cauchyho ulohy:

a) 2(a® +2—-2)y =3(y" - 1), y(0) = -1, ly=, CeR; C=]
b) = g w(0) = -1, y=cVie? 1l c e B 0= 1]
f=— 2 =-1 = — : = =—1
) y =—y cosz, y(0) ; [y snzro CEM/y=0C |
) -

N L _ 1 L _
d) Yy = T ’y(l)f 17 |:y 1—C$7C€B’y O,C 2_
2 2 1
e) zy =—y, y(4) = -3, [:”2%”2 —C, CeR;, C=25 yla) = /25— 22
f) o +ytgr =2tgx, y(0) = —1, [y=2—Ccosz, C € R; C=]
g) ¥ =e"t y(0) =1, [y=—In(C —¢€%), C € R; C =]

2
oy = )= 1, [Y*+1=C(z*~1), Ce R; C -]
ey -y
h) y/:y_y27y(0):_17 [yzeze_CaC€R7yZO7O::|
. /. C
i) gy sinx+ycosx =0, y(r/2) =0, y=—,C€R; C=
sinx
j) ycosx —y'sinz =0, y(r/2) =0, [y=, C € R; C =]
l—y2
k I: :—1 = N =
)y 2xy,y(()) : ly=, CeR; C=]
2
/—— 2 = — = ———— M = —

Piiklad 11.3. Naleznéte obecné feseni diferencidlni rovnice (s homogenni funkei) a feseni Cauchyho
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’ r+y
- 0) = —1
a) xﬁyy() :
2
y
b = —= _ y(0)=1,
) z(y —z) ©
2xy
¢) y’:xQ_y2=07y(0)=1,
d) zy —y=+va?+y? y(1) =0,
2 2
/ ¢ty
e) y o , y(0) ,
20 —y
f f = 1) =
) v w_3y,y() ;
r+y
g) Y = (1) =1,
X
by =L o2 )= -1
1:2 b b
’ ) €T
247 4y =1
i) y x+y, (1) =1,
Y

v Y
k) y/:ez +Ev y(]-):_]-7

) y*+2% ==y, y(1) =0,

m) zy —y=+y>+a? y(l)=-1,
2 2
/ y -
n) y 20y ;y(h) =1,
o*) y =——2— y(1)=0,

ery’

p) 2% =y* —ay+2? y(l) =1,

arctg% = %ln(acg—l—gf)—i—(?7 CeR;
[C’y:ey/’”, C € R,
[2°+y*=Cy, C € R;
[x2:C2+20y, C € R;
[y:m\/m, C € R,

[21:2 —2zy+3y* =e72¢ C e R;
[y==zln|z|+ Cz, C € R;

ly=, Ce€R;

ly=, CeR;

[, C € R;

[, C € R;

[, C € R;

[, C € R;

[y* + 2 =Cz, C € R—{0}

[x2+2xy:C, C € R;

1
b=+ (- wpree) oo m
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Priklad 11.4. Naleznéte obecné feSeni linedrni diferencidlni rovnice 1. fadu a feSeni Cauchyho tlohy:

, cos T

a) y =Y = 2sinz, y(7/2) =1, [y=(2z+C)sinz, C € R; C =]
2z 4'
b*) o 43y =e**, y(0) =1, {y=06‘3”+657 CeR; C=¢
1
c) ¥y +y=-cosz, y(0)=1, [y:Ce_x—l—Q(sinx—i—cosx), CeR; C=
d) 2y+(y* —6z)y =0, y(1) =0, [y =2z =Cy®, C € R; C =]
’ Y € |
_ = :—1 = 1 M =
& L= y(0)= 1, = (o), Ce i €]
1
f) ny’—i—S—ny:O,y(l):l, [yZsz—l—x,C’ER;C:
:L’y(]_—’—xz)’ ) ) )
22
h) 2%y =y(y? +a?), y(1) = —1, {:L’Ce_"’y% CemR;C ]
/_
i) M:tgg, y(1) =0, [sin£:Cm,C€R;C=]
x x x
i*) Y +2ytgar = 2sinx, y(n) =1, [y:Cc052x+2cosm, CeR; C=3|
k) (1+2%)y +y=arctgr, y(0) =2, [ = CeR; C ,y—3e_arCtgm—|—arctgx—1]
) o = 3—y+x4cosx, y(2m) =0, [y = CelR; C=, y:x3($sinx+cosx71)]
T
" 1 B s 1 .
m) yfx2+1y+x2+1,y(1)71, 3+x+C’ 7(2_’_1)2,06]1%,0
n) ¢ +2y=3ze ", y(0)=—1, [C’e*zx + Bz —3)e ", CeR; C=]
o) Yy —y=uze®cosz, y(0) =1, [y =Ce” 4+ €” cosz + ze”sinz, C € R; C =]
p) ¥ cosz+ysinz =1, y(0)=1, [y=Ccosx +sinz, C € R; C =1]
2
q) y’—|—2xy:xe_”:27y(0):1, {yze_””2 (C—i—x2>7CER;C=1
r) Y =ytgr=1-xtgz, y(0) =1, [y ¢ +x, CeR; C=
COS T |
s) xy +y—arctgm+1+ 55 y(1) = /4, [y:i—karctgx,CEB;C’zo
2x )
0 ¥ -y =2" L y() =1, [y=(z+C) " +1), CeR; C =]
2
u) y’—;y:2x3, y(1) =0, [y:$4+CmQ,CEIR;C:—1]
v) Y +2zy= 2re ™, y(0) = —1, [y:e_z2(x2+0), C € IR; c =]
BT g iy B ki oo
w) Y = —y—5=0y(-2)=-6 y=—7 7C€1R,C—_
X) y—y—% y(1) = —e, y=e*(Inz+C), Ce R; C =—1]
) -
y) v +3y=uz, y(0)=-1/9, [yzCe_3””+§—7CGB;C=0
2) o + 2y =2 y(0) = —1, [y_1+ce ,CeR; C=—1]
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Priklad 11.5. Naleznéte obecné feSeni linearni diferencidlni rovnice 1. fadu a feSeni Cauchyho tlohy:

2x 1 22 +2In(—x)
- —Zoy(=1)=1/4 - L C= y=-—— "
a) Y= 5y=y-) =14, [y ,CeR; C=y 2T+ 1)
1 1
by + L =202 y0) =1, ly=lnz+Cr, CeR; C =
x r
, 2
) yzx_yl,y(())zl, [y=C(z—1)*, Ce R; C =]
d) y/+%:SIEx,y(W):3/7r, [ = CeR; C= — COSLE):|
Y B _ o 4 — 3 — 423
e) y+1+ +2% =0, y(-2) =1, [y—,CEZR,C—, RERUCES
2
D Y-y =14y =1, y=(+2*)@+C), CeR; C=]
g) v =ytgx +2sinz, y(r) =1, [ CeR; C=,y=—cosx]
h) o —sinz =322 y(1) = -1, [y=2—cosz+C, C € R; C =]
i) vV=z—y+1,y(1)=-1, ly=a2+Ce ™™, CeR; C=]
1 1\]
Doy Ty =2 y(1) = 2/e, [y,ceﬂ%;c,y“(“x>
2 2 2 C ]
K oy + 2= yl) =2, |:y:_e—f’3<1++2>+2,C€B;C=
x xr x |
3 )
D Y+ = o y(2) =3+ V5, = CeR C=y=3+Va2—1
m) Y+ =, y(0) =0, = Cem c=y=o"—14+ V12|
in(2 .
n) y +ycosx = 73111(2 x)’ y(0) = —1, [y =sine —1+4Ce ™" CeR; C =]
2y 4x
= -1)=2 = ; C=,14(2 (In(—=2z—-1) -1
o V=TT vt =2 ly= CeR; C= 1+ Q2c+1)(In(-2z-1)-1)]
p) 2y +y =322 y(0)=1, ly=32> — 120+ 24+ Ce 22, C € R; C =]
2
a) ¥ - —y=2" y(1) =1, [y=a"+Ca* CeR; C=]
r) yf:%_L y(1) = —1, ly=—aln|z| + Cz, C € R; C =]
s) ay' =y+a* y(1) =0, [y=2%+Cz, C e R; C=0]
)2 e _ _ 1 e C o
t) y‘*‘?— . ;y(1) =1, Yy = ﬁe +ﬁ,C€]R,C—_
u) 9y cosz —ysinz =sin(2x), y(0) =1, [y = fC;z(()ixx) + Cix, CelR, C=
v¥) xy +y=Inz+1, y(1) =0, [yzlnx—i—i,CeB;C:O
, 1 c ]
1 C |
X) y’—i—%y:?)xe_””7 y(l) =1, [y:xQe_x+Ie_w7C€R;C=
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Priklad 11.6. Urcete ortogondlni trajetktorie k soustavé kiivek:

a*) y—Cx =0,
b) y—Ce® =0,
c*) y—Cz?=0, [2?
d y-C=0,

e) y—Cax®=0,

[x2+y2:r2,r€B]
[y::t\/m,relR]
+2y2:r2,r€B]

[, r € R]
[, r € R

Piiklad 11.7. Reste exaktn{ diferencisln{ rovnice:

a*) (32 +2y%) + (dwy + 2)y’ =0,

b) yz¥"' + 2¥In(z)y =0,

o) (2 =y +(y° —2zy)y =0,
d) 2zyy +y* =0,

e) (z+2y)y +y+32°>=0,

%) 3xyy’ + 22+ =0,

[x3—|—2xy2+2y:C’, CER]
yz%, CelR

[42® — 122y% + 3y* = 12C, C € ]
[J}yQZC, CEB]
[zy+y*+2° =C, C € R|
[zy° + 2> =C, C € R]

Piiklad 11.8. Naleznéte obecné feSeni homogenni linedrni diferencidlni rovnice s konstantnimi koefici-

enty:
a) y'—9y=0,
b) y" -8y + 16y =0,

c) y' =2y +2y=0,
d) v +3y' =0,
e) y'—6y +8y=0,

f) v +y +2y=0,

g) y'+25y=0,

h*) " + 4y +4y =0,
) y" =3y +2y=0,
i)y =6y +13y =0,
k*) " +5y + 6y =0,
1) 4y” -8y +3y =0,

m) y' +y +y=0,

n) y" -4y =0,

o) ¥ —2y"+9y —18y =0,

p) " +8y=0,

a) y" —13y —12y =0,

) ¥4y =0,

s) " —5y" + 17y — 13y =0,
)y — 4y 48y — 16y + 16y = 0,

u) yW+6y” +9y =0,

[y = C1e’ + Cae™", C1,C5 € R]

[y = C1e*® 4 Chze®®, C1,04 € JR}

[y = C1e” cosx 4+ Cae®sinx, Cy,C5 € IR)
[y =C + Che™3%, 1,04 € IR}

[y = C1e* + Coe™™, C1,Cs € R

Y= C’le_g”/2 cos (?) + Cye™*/?sin (?) , C1,Cs € R}

[y = C1 cos(bx) + Cysin(5x), C1,Cs € R)

[y = Cre " + Cowe™>*, C1,C; € R|

[y = Cie” 4+ C2e®*, C1,Cs € R

[y = (e’ cos(2x) + Coe3® sm(?x C,Cs € ]R}
[y = Cre " + Cre™™", C1,Cs € IR

[y — 0132 L e/, 0y, Cy € JR}

Y= Cle*""/’/2 cos (?) + CQ€7$/2 sin (?) , C1,Co € R

[y = C1 + Coe® + C3e™?*, C1,C5,C5 € IR

[y = C1€*" + Ca cos(3z) + Cy sin(3z), C1,Cs, Cs € R

{y = Ce 2 4+ Che® cos(\/gx) + Cse” sin(\/gx), C1,C5,C3 € ZR]
[y =Cre % 4 Cre™™ 4 C3e73%, C1,Co,C4 € B}

[y =C1+Cox +Cze™™, C1,Cy,C5 € R}

[y = C1e® + Cye®® cos(3x) + Cse?® sin(3z), Cy,Cq,C5 € IR}

[y = C1€*" + Cywe®® + Cycos(2x) + Cysin(2z), Cy,...,C4 € JR}
[y = () cos(V3z) 4 Cysin(v/3z) + Csx cos(V/3z)

+Cux Sin(\/gx), Ci,...,C4, e R
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Priiklad 11.9. Naleznéte partikuldrni feSeni homogennich linearnich diferencidlnich rovnic s konstantnimi
koeficienty vyhovujici danym pocateénim podminkam:

a) y' =5y +4y=0, y(0) =y (0) =1 ly = e’
" _ I _ / z _ — qi

b) y +y—07y(2)—1,y (2 [y = sinz]

¢) y" =6y +9y=0, y(0) =2,5(0) =5, [y = 2% — ze™]

d o' - 5y + 6y =0, y(0) = 2,4'(0) =5, [y = e + %]

e) v —y' —4y +4y=0, y(0)=14'(0) =1,y"(0) =13 [y = —3e” + 3¢ ¢ 672””}

Piiklad 11.10. Naleznéte obecné feSeni nehomogennich linearnich diferencidlnich rovnic s konstantnimi
koeficienty metodou variace konstant:

1 1
a*) yl/_yzﬁ, |:y:C1€m+Cge_z—(1‘2—|—x+):|

e® 4 x

1
b) ¢ +4y= cos(22)’ [y = (] cos(2x) + Cy sin(27)
1
+Z In | cos(2z)| - cos(2z) + = sm (2x) ]
4
c) ¥ +2y +y=3e"Vr+1, {y =Cre ® + Coxe™ ™ + 36 —( 5/2]
1 . )
d) ¥ +4y' +4y = 55, [y = Cie " + Coze > — e **(In|z| — 1)]
et

Piiklad 11.11. Naleznéte obecné feSeni nehomogennich linearnich diferencialnich rovnic s konstantnimi
koeficienty metodou odhadu pro specialni pravou stranu:

1
a) y// _ 2y/ _ 3y — 6417’ |:y —_ Cle—z T 02831 + 5e4z:|
b) " — 2y + 5y = cos, [y = C1e” cos(2z) + Cae” sin(2x)
41 1 1
cosx — — sinx
5 10
1 1
c) "+ |:y =C1+ Cox + Cse™ " — 5.%2 + 6$3:|
1
d) " -2y +2y=e"cosu, [y = Cie* cosx + Cae®sinx + 59:6“’ sin x}
e) y’' —y =32, [y = C1 + Cae” + € (2* — 32° 4 6a)]
f) y” — y' = —4x7 [y = Cl + 02€I + 21‘2 + 4-’13]

g) v +3y +2y=uzxsinz, y=Cre "+ Coe

+ —ix—i—l? cos T + ix—l— 5 sinac—
10 50 10 25

h) " +2y +y =2 [y=Cie " + Come™ + 2 — 4z + 6]
: " ’ 2 —z o 22 1]
) v -y -2y=a"+u, y=Cre " +Coe™ = - — 3
3 2

0oy -4y =8r+4, [y=C1+Cze4I—m2—2x
k) o — 4y = 8%, [y = C1e*" + Coe " + 22|
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Piiklad 11.12. Naleznéte obecné feseni nehomogenni linearni diferencidlni rovnice
y' — 4y +4y = b(z)

metodou odhadu pro specidlni pravou stranu b(z), je-li

a) b(z) = 3e**, y = C1e*" + Coxe®™ + %xth

b) b(z) = 4, [y = C1e** + Cowe™ + z + 1]
c) b(z)=¢€", [y = C1e*" + Come® + €]
d) b(z) = 6xe*”, [y = C1e** + Come® + 2]
e) b(z) = 8sin(2x), [y = C1e** + Come® + cos(22)]
f) b(z) =422 +2, I
g) b(x) = xe”, [

Piiklad 11.13. Naleznéte obecné feseni nehomogenni linedrni diferencidlni rovnice
y" + 9y = b(z)

metodou odhadu pro specidlni pravou stranu b(z), je-li

) ;
1
a) b(z) = 322 +6, [y = Cy cos(32) + Cysin(3r) + % — £
- 1 1 2
b) b(z) =4(x+ 1)sinz, y = C1 cos(3x) + Cysin(3x) — g o8 + 5(1‘ + 1)sinx
3z - : 1 1 3a::
c) b(z) =9ze”, y = C} cos(3z) + Cysin(3x) + 3% g)e
85, _ ‘ . _ 2 ]
d) b(z) = §3e Tcosz, y = Cy cos(3x) + Cysin(3z) + e <3 cosz — z sin x)
] ) .
e) b(z) = 6sin(3z) + 3 cos(3x), {y = C1 cos(3z) + Coysin(3z) + 3% sin(3z) — x cos(3x)

Piiklad 11.14. Naleznéte partikuldarni feSeni nehomogenni linearni diferencidlni rovnice vazané pocateénimi
podminkami

y'+y=>0x), y(0)=1,y(0)=-1

Pouzijte metodou odhadu pro specidlni pravou stranu b(z), je-li

a) b(x) ==, [y = —2sinz + cosz + z
b) b(z) =sinz, ly =]
¢) b(x) = 3sin(2z), [y =]
d) b(z) = 3cos(2z), [y =]
e) blz)=x+3, [y =—2sinz — 2cosz + x + 3]

Piiklad 11.15. Naleznéte partikuldrni feSeni nehomogennich linearnich diferencidlnich rovnic vazané
prislusnymi pocateénimi podminkami.

a) ' =3y +2y=xe®, y(0)=1,4'(0) =1 [

b) ¥ +3y +2y=(6c—1)e”, y(0) = -1,5/(0)=1 [y=e"—e ¥+ (z-1

[

[

¢) y'+2y +y=2cosz, y(0)=1,4(0)=0 v =

d) y" -2y -3y =15sin(3z), y(0) =0, y'(0) =1 y =]
o= 64:1: 166496

e) y" =5y +4y=e', y(0)=0,y'(0)=0 y=9 "9t 3
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