Moment of inertia of simple bodies
1. Rectangular prism

Given: a homogeneous rectangular prism with the mass density p and the dimensions
a,b,c (as shown in the Figure)

Task:

Find the matrix of inertia of the prism to the coordinate system at the center of the prism
(S,x,y,2).

Find the matrix of inertia of the prism with respect to the axis u which go through the
center and a pole (as in the Figure)

Solution:
The matrix of inertia of the prism to the coordinate system
The volume of the elemental mass:
dm = pdV = pdxdydz (1)

We calculate the moment of inertia with respect to the planes of the coordinate system:
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Because of the symmetry at the center point, so we get :



So we calculate the moment of inertia with respect to the axis :
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Next, we calculate the cross product moments of inertia:
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In the same way, we have:
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So we have the matrix of inertia to the coordinate system:
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The moments of inertia with respect to the axis u

Firstly, we find the unit vector of the axis u:
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We represent the unit vector in matrix form:
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Then we have the moment of inertia with respect to the axis u:
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2. Cylinder

Given: a homogeneous cylinder with the mass density p and the dimensions: R (the
radius), L (the length) (as shown in the Figure)

Task:

Find the matrix of inertia of the prism to the coordinate system at the center of the
cylinder (S,x,y,2).

Solution:

For convenience in calculating the moment of inertia with respect to the axis z, we can
analyze the element of mass following the scheme below:
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According to the scheme , the volume of the elemental mass:



dm= pdV = p2zLrdr (1)

And total mass:
m=pV = p27LR? (2)

We calculate the moment of inertia with respect to the axis z:
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Next, for calculating the moment of inertia with respect to the plane (Sxy), we analyze
the element of mass as shown in Figure below:
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According to the scheme , the volume of the elemental mass:
dm = pdV = p27R%dz (4)
We calculate the moment of inertia with respect to the plane (Sxy):
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Because of the symmetry, we get :
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So we calculate the moment of inertia with respect to the axis :
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Next, also because of the symmetry, it is easy to see that the cross product moments of
inertia:

D.=D_ =D, =0 (8)
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So we have the matrix of inertia to the coordinate system:
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3. Triangular prism

Given: a homogeneous prism with the mass density p and the dimensions of sides: a, b,
¢ (as shown in the Figure)

Task:

Find the matrix of inertia of the prism to the coordinate system (S,x’,y’,z").

Solution:

Firstly, we calculate the matrix of inertia of the prism to the original coordinate system
(L,x,y,2)

We use the differential element (as shown in the Figure) for integration:
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The integration function F(x,y,z) have the limits of integration as following:
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Using the integration (1), we calculate the moment of inertia with respect to the axises:
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Next, we calculate the cross moment of inertia with respect to the plane (Lzx).
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Because of the symmetry, we get :
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And it is easy to calculate the total mass:
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So we get:
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So we have the matrix of inertia to the coordinate system:
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Now, we calculate the matrix of inertia in the shifted coordinate system (Sx'’y 'z’).

Because S is the center of mass of the prism so in accordance with the Steiner’s theorem,
we have :

I=1+D
Where:
I’ is the matrix of inertia in the shifted coordinate system (Sx'y’z’).

D is the matrix of Steiner’s components



For calculating the matrix D, firstl, we find the shifted vector from the coordinate system

(Sx’y’z’) to coordinate system (Lxyz) is:
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We represent the vector in matrix form:
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So the matrix of inertia in the shifted coordinate system (Sx’y’z’) is
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