Moments of inertia of a system of bodies

Given: a system of two bodies as shown in the Figure below. The first body is a
homogeneous prism with the mass density p and the dimensions of sides: a, b, c. The
second one is a homogeneous cylinder with the mass density p and the dimensions: R
(the radius), H (the length).
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Task:
Find the matrix of inertia of the system (I) to the coordinate system (x,y,z).

Solution:
We get the mass of the prism from the previous exercise:

abc (1)
m, = pV; = P

And the matrix of inertia in the shifted coordinate system (x* y* z%) is:

3b? + 2¢? 0 ac (2)
Ilzém1 0 2¢° +2a° 0
ac 0 2a’ + 3b?

The shifted vector from the coordinate system (x! y* z!) to coordinate system (xyz) is:
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Then we have the matrix of Steiner’s components:



c? 0 —ac (2)
pi=" o c2tra? 0
—ac 0 a’

So we have the matrix of inertia of the prism to the coordinate system (xyz):

b? + 2¢? 0 —ac 3
|t :I1+D1:im 0 2¢? +2a’ 0
Xyz 12 1
—ac 0 2a’ +b?

We get the mass of the cylinder from the previous exercise:
m, = pV, = prR°H (4)

And the matrix of inertia in the coordinate system (x* y? z?) is:
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From the Figure, we see that the coordinate system (x y z) can be obtained by rotating
the coordinate system (x? y? z?) with rotated angle ¢ about the axis y? then translating it
with translated vector r, , where:
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So we have the matrix of transformation for rotation about axis y? is:
cosgp 0 —sing (8)
T=| 0 1 0
sinp 0 cose
Then we find the matrix of inertia of body 2 in the coordinate system (x?'y? z?) is:
1#=TTI°T 9

And we have the matrix of Steiner’s components:



D) D Di (10)
D? = D22,1 D22,2 D22,3
D;, D;, D

D =m H—Zcos2 + 7 s +£ (11)
11 2| 4 ® 5 ) 4

2 2 2
DZ, =m, (HT+%(CCOS¢+aSin¢))+ ¢ Za ]
2 2
DZ,=m, (HTsinz(p+%singo+%j
D’,=Dj, = %(H ?sinpcos g+ Hesing + Hacos g+ ac)
D12,2 - D22,1 = D22,3 = D32,2 =0
So we have the matrix of inertia of the cylinder to the coordinate system (xyz):
I5, =17 +D? (12)

The matrix of inertia of the system (1) to the coordinate system (xyz) is:

=11, +1? (13)



